Abstract. We construct a new 20-dimensional family of projective hyper-Kähler fourfolds and prove that they are deformation-equivalent to the second punctual Hilbert scheme of a K3 surface of genus 12.
Introduction
An irreducible hyper-Kähler manifold is a compact Kähler manifold whose space of holomorphic 2-forms is generated by an everywhere nondegenerate form. It is known, as a consequence of the Kodaira embedding theorem and the study of the period map, that algebraic hyper-Kähler manifolds form a countable union of hypersurfaces in the local universal deformation space of any hyper-Kähler manifold.
Beauville described, in each dimension 2n, two families of such varieties ( [B] ):
(1) the n-th punctual Hilbert scheme S ½n of a K3 surface S;
(2) the fiber at the origin of the Albanese map of the ðn þ 1Þ-st punctual Hilbert scheme of an abelian surface.
All of the irreducible hyper-Kähler manifolds constructed later on have been proved to be deformation-equivalent to one of Beauville's examples, with the exception of two sporadic families of examples constructed by O'Grady in dimensions 6 ( [O1] ) and 10 ( [O2] ).
Beauville's examples all have, in dimension at least 4, Picard number f 2, while a very general algebraic deformation has Picard number 1, hence is not of the same type. There are very few explicit geometric descriptions for these deformations. More precisely, there are, to our knowledge, only three such families that are explicitly described, each of which is 20-dimensional and parametrizes general polarized deformations of the second punctual Hilbert scheme of a K3 surface:
(1) Beauville and Donagi proved in [BD] that the variety F ðX Þ of lines on a smooth cubic hypersurface X H P 5 is an algebraic hyper-Kähler fourfold. This gives a 20-dimensional moduli space of fourfolds, and along an explicitly described hypersurface in this moduli space (corresponding to ''Pfa‰an'' cubics), F ðX Þ is isomorphic to the second punctual Hilbert scheme of a general K3 surface S of genus 8.
(2) Iliev and Ranestad proved in [IR1] that the variety V ðX Þ of sum of powers of a general cubic X H P 5 as above is another algebraic hyper-Kähler fourfold, with 20 moduli. Along another hypersurface in the moduli space (corresponding to ''apolar'' cubics), V ðX Þ is also isomorphic to S ½2 . While the Hodge structure on H 2 À V ðX Þ; Z Á is presumably isogenous to that of H 2 À F ðX Þ; Z Á (a fact which is not known), it is shown in [IR2] that the polarization on V ðX Þ is in general numerically di¤erent from the Plü cker polarization on F ðX Þ. This guarantees that we have two di¤erent families of deformations of S ½2 .
(3) O'Grady constructed in [O3] a 20-parameter family of hyper-Kähler algebraic fourfolds. They are quasi-étale double covers of certain sextic hypersurfaces constructed by Eisenbud, Popescu, and Walter, and are deformations of the second punctual Hilbert scheme of a general K3 surface of genus 6.
Our purpose in this paper is to construct and study another family of hyper-Kähler fourfolds, which is close in spirit to the Beauville-Donagi family: it is related to the geometry of Grassmannians, and there is an associated Fano hypersurface which will play the role of the cubic hypersurface in [BD] . The Grassmannian considered here is Gð6; V 10 Þ, which parametrizes vector subspaces of dimension 6 of a fixed vector space V 10 of dimension 10. Our starting point, which came to us following a discussion with Peskine, is a 3-form s A V 3 V H 20 ðF s ; QÞ van F H 2 ðY s ; QÞ van :
The Hodge structure on the left-hand side has Hodge numbers h 9; 11 ¼ h 11; 9 ¼ 1 and h 10; 10 ¼ 20, the other Hodge numbers being 0.
As a consequence, we conclude that Y s is an irreducible hyper-Kähler fourfold with second Betti number 23. Although the construction of Y s allows us to construct explicit hypersurfaces in the moduli space where its Picard number jumps to 2 (see sections 2, 3, and 5), we have not been able to identify an explicit hypersurface in the moduli space where Y s is isomorphic to the second punctual Hilbert scheme of a K3 surface. We prove however that Y s is a deformation of such a Hilbert scheme. Theorem 1.2. The varieties Y s , endowed with the Plücker line bundle, are deformationequivalent to the second punctual Hilbert scheme S ½2 of a K3 surface S of genus 12, endowed with the line bundle whose pull-back to g S Â S S Â S is À O S ð1Þ n O S ð1Þ Á 10 ðÀ33Ẽ EÞ.
In this theorem, g S Â S S Â S ! S Â S is the blow-up of the diagonal,Ẽ E is the exceptional divisor, and the pull-back is via the canonical double cover g S Â S S Â S ! S ½2 . The proof of this result is closely related to that of the main result of [Hu] , where Huybrechts proved that birational equivalence implies deformation equivalence for irreducible hyper-Kähler manifolds. However, we are in a situation where only a singular degeneration of Y s is birationally equivalent to the second punctual Hilbert scheme of a K3 surface, to which we cannot apply directly Huybrechts' theorem.
To close this introduction, we would like to explain how our construction fits into the general results of [GHS] on the Kodaira dimensions of certain modular varieties dominated by moduli spaces of hyper-Kähler manifolds (we would like to thank Hulek for pointing this out to us). We quickly review some of the relevant results of [GHS] .
Let S be a K3 surface and let L be the rank-23 lattice H 2 ðS ½2 ; ZÞ, equipped with the Beauville-Bogomolov quadratic form q ( [B] ). Depending on the positive integer d, there are, under the action of the stable orthogonal group of L, either one or two orbits of primitive vectors h of L with qðhÞ ¼ 2d: one is called of split type and the other of nonsplit type (it occurs if and only if d 1 À1 ðmod 4)). Polarized hyper-Kähler manifolds which are deformation equivalent to ðS ½2 ; hÞ admit a quasi-projective coarse moduli space M h which is finite over a dense open subset of a locally symmetric modular variety S h . When h is of split type, it is proved in [GHS] that S h (hence also every component of M h ) is of general type for d f 12 and of nonnegative Kodaira dimension for d ¼ 9 or 11.
On the other hand, for the class h of the line bundle mentioned in Theorem 1.2, we have
2 Â ðÀ2Þ ¼ 22;
hence d ¼ 11. Furthermore, h is of nonsplit type, and our construction proves that one component of M h (hence also S h ) is unirational.
Remark 1.3. Part of the results of this paper (and particularly those concerning the Hodge theory of the hypersurface F s ) are related to those of [KMM] , where hypersurfaces or complete intersections in homogeneous varieties with a Hodge structure on middle cohomology of 3-dimensional Calabi-Yau type are exhibited and studied.
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Notation. If V is a complex vector space, we denote by Gðd; V Þ the Grassmannian of vector subspaces of V of dimension d, by S d the rank-d tautological vector subbundle on Gðd; V Þ, and by E d its dual.
The hypersurface F s and the fourfold Y s
Let V 10 be a (complex) vector space of dimension 10 and let s be a general element in V 3 V Ã 10 . The 3-form s determines a Plü cker hyperplane section
consisting of 3-dimensional vector subspaces of V 10 on which s vanishes.
On the other hand, s determines a subvariety Y s H Gð6; V 10 Þ defined as the set of 6-dimensional vector subspaces of V 10 on which s vanishes identically. It is the zero-set of a general section of V 3 E 6 . As E 6 is generated by global sections, Y s is smooth of codimension rkð V 3 E 6 Þ ¼ 20. Using a Koszul resolution and Bott's theorem, one
shows that it is connected.
We denote by O Gð6; V 10 Þ ð1Þ ¼ detðE 6 Þ the Plü cker line bundle on Gð6; V 10 Þ. As o Gð6; V 10 Þ ¼ O Gð6; V 10 Þ ðÀ10Þ and detð V 3 E 6 Þ ¼ O Gð6; V 10 Þ ð10Þ, we conclude by adjunction that Y s is a smooth fourfold with trivial canonical bundle.
Next we observe that there is a natural correspondence between F s and Y s . Namely, each point of Y s determines a 6-dimensional vector subspace W 6 H V 10 on which s vanishes identically, hence an inclusion Gð3; W 6 Þ H F s . Putting this together in a family gives us a variety
with two projections
The fibers of q are the 9-dimensional Grassmannians Gð3; W 6 Þ. There is thus an induced cohomological correspondence Our aim in this section is to investigate the geometry of Y s and of the correspondence introduced above. We will show the following. This means by definition that Y s has an everywhere nondegenerate holomorphic 2-form, unique up to multiplication by a nonzero scalar, and, because Y s has trivial canonical bundle, this is equivalent by [B] and [Bo] Proof.
(1) This is a consequence of Gri‰ths' description of the Hodge structure on the vanishing cohomology of an ample hypersurface (see [G] and [V1] , 6.1.2). Let U :¼ Gð3; V 10 Þ À F s . We have first of all the following. Proof. The cohomology of Gð3; V 10 Þ is generated as an algebra by the classes l ¼ c 1 ðS 3 Þ, c 2 ¼ c 2 ðS 3 Þ, and c 3 ¼ c 3 ðS 3 Þ, where l is proportional to the class of F s , hence vanishes on U. On the other hand, consider the projective bundle PðS 3 Þ on Gð3; V 10 Þ. It admits a natural map a to PðV 10 Þ and its cohomology is generated by h ¼ a Ã c 1 À O PðV 10 Þ ð1Þ Á as an algebra over H À Gð3; V 10 Þ; Q Á , with the sole relation
Modulo l, hence in H ðUÞ, this relation becomes
Together with the vanishing h 10 ¼ 0, this yields the following equalities in H ðU; QÞ: where a runs through the space of sections of o Gð3; V 10 Þ ð11Þ ¼ O Gð3; V 10 Þ ð1Þ. Finally, we recall the analysis (adapted from [G] ; see also [V1] , 6.1.3, where the case of hypersurfaces in a projective space is treated) of the kernel of the maps
induced by the residue maps. The same analysis as in the case of hypersurfaces in a projective space shows that the kernels are Jacobian ideals obtained respectively from sections of T Gð3; V 10 Þ ðÀ1Þ and sections of T Gð3; V 10 Þ via the natural maps (2) The simplicity of a polarized Hodge structure of weight 20 with Hodge numbers h 11; 9 ¼ 1, and h i; 20Ài ¼ 0 for i > 11, is equivalent to the fact that there are no Hodge classes in H 10; 10 (here we use the polarization to say that any nontrivial Hodge substructure has h 11; 9 ¼ 0, hence consists of Hodge classes, or its orthogonal complement has h 11; 9 ¼ 0, hence consists of Hodge classes). So it su‰ces to prove that for s very general, there are no Hodge classes in H 20 ðF s ; QÞ van . This is a Noether-Lefschetz type theorem which is proved by the classical Lefschetz monodromy argument (see [V1] , 3.2.3).
(3) By simplicity, the morphism of Hodge structures ðq Ã p Ã Þ van is either 0 or injective. It thus su‰ces to prove that it is not 0. Equivalently, it su‰ces to prove that the morphism In order to see that the rank of p Ã q Ã is at least 2, we make the following construction. Consider subspaces V 4 H V 7 H V 10 , where the subscripts indicate the dimension, and
One verifies that one can choose such a s keeping Y s and F s smooth.
In this situation, Y s contains a line (with respect to the Plü cker embedding); namely, choosing any V 5 such that V 4 H V 5 H V 7 , and observing that s vanishes on any hyperplane of V 7 containing V 4 , we find that the line
Observe that the class z A H 20 ðF s ; QÞ of Z is equal to p Ã q Ã c, where c is the class of C. Furthermore, the classes so obtained are in the same orbit under the monodromy action (this is because the set of triples ðs; ½V 4 ; ½V 7 Þ as above is irreducible, hence the corresponding classes are all obtained one from the other by parallel transport).
We will now specialize s further in two ways, asking that Y s contains two curves C and C 0 as above (but of course with di¤erent cohomology classes in Y s ).
in such a way that the intersection V 7 X V 0 7 is transverse, and V 4 X V 0 4 ¼ f0g. In a suitable basis ðe 1 ; . . . ; e 10 Þ of V 10 , we take V 7 ¼ he 1 ; . . . ; e 7 i; V 4 ¼ he 2 ; . . . ; e 5 i; V 0 7 ¼ he 4 ; . . . ; e 10 i; V 0 4 ¼ he 6 ; . . . ; e 9 i:
and this is compatible, because on the intersection
the two 3-forms e 
Indeed, if p Ã q Ã has rank at most 1, the classes z and z 0 must be proportional. As they are in the same orbit of the monodromy action, they are equal. This contradicts the fact that they satisfy z Á z 0 ¼ 0 or z Á z 0 ¼ 1 according to the configuration. r Proof of Lemma 2.4. Note that in both cases, the (singular) variety Z is described as follows:
In situation (A), we may choose V 5 and V 0 5 transverse, so that
is clearly empty.
In situation (B), we may choose V 5 and V 0 5 so that they meet along the 1-dimensional vector space
and denoting by V 5; 0 (resp. V
As V 5; 0 and V 0 5; 0 are 2-dimensional, one must have for such a W 3 :
Thus the intersection Z X Z 0 consists of one point, namely the point ½V 5; 0 þ V 0 5; 0 of Gð3; V 10 Þ, and it follows that z Á z 0 is nonzero in this case. To prove z Á z 0 ¼ 1, one notes that Z and Z 0 are smooth at the above point, and one checks that the intersection is transverse. r Remark 2.5. The hyper-Kähler manifolds Y s containing a line as above are very similar to the Fano varieties of lines in a cubic fourfold ( [BD] ) containing a plane ([V2] ). Indeed, the V 5 introduced in the construction of the line C varies in the plane PðV 7 =V 4 Þ. Furthermore, the subset of Y s swept out by the curves C is the dual plane Proof. The fact that the dual variety Gð3; V 10 Þ Ã H Pð
Þ is a hypersurface follows for example from [L] , §3, which proves that its degree is 640. Then it is classical that this hypersurface is irreducible, and that a general point corresponds to a hyperplane tangent to Gð3; V 10 Þ at a single point.
Let ½W be a point of Gð3; V 10 Þ. The embedding of
Therefore, the hyperplane section F s H Gð3; V 10 Þ defined by s A V 3 V Ã 10 is singular at ½W if and only if sðw 1 5w 2 5vÞ ¼ 0 for all w 1 , w 2 in W and all v A V 10 . r
We will henceforth assume that s corresponds to a general point of the discriminant hypersurface Gð3; V 10 Þ Ã and we denote by ½W the unique singular point of F s . By Proposition 3.1, we have (3) Similarly, we consider the set of ð½s; ½W ; ½W 6 ; ½W 1 Þ such that
and both sj V 2 W5V 10 and sj V 3 W 6 vanish. It is smooth, hence so is the (122-dimensional) set of ð½s; ½W ; ½W 6 Þ such that F s is singular at ½W , and ½W 6 A Y (4) Since Y s has everywhere dimension at least 4, the variety Y 0 s is dense in Y s , which has therefore dimension 4. It is moreover a local complete intersection, hence is connected in codimension 1 ( [H] ). It is also connected and, its singular locus being contained in the surface
s , it is irreducible and normal. r Let p : V 10 ! V 10 =W be the canonical projection. The K3 surface S of (3) is defined more canonically as
We now prove the main result of this section. 
is the blow-up of the diagonal, S ½2 can be seen as the quotient of g S Â S S Â S by the involution exchanging the two factors. We denote by
the quotient map, byẼ E H g S Â S S Â S the exceptional divisor of e, and by E its image in S ½2 .
For i A f1; 2g, let p i : g S Â S S Â S ! S be the i-th projection. Given coherent sheaves F and G on S, we define coherent sheaves on g S Â S S Â S by setting
Proposition 3.4. The pull-back to
Á 10 ðÀ33Ẽ EÞ.
Proof. There are two natural vector bundles of rank 6 on the open subset U 1 of S ½2 where f defines a morphism
ðE 6 j Y s Þ and F 6 j U 1 , where
Recalling from Theorem 3.3 the definition of f, observe that there is a natural morphism
induced by the dual of the projection p : V 10 ! V 10 =W . This implies
where D is the divisor defined by the vanishing of the determinant of P. Next, as the pullback of F 6 to g S Â S S Â S fits into the exact sequence
where eẼ E :Ẽ E ! S is induced by the blow-up map e, we get
It remains to analyze D. We first compute the class of the divisor D 0 where the morphism (5), suitably defined, is not of maximal rank. It has the same support as D. Indeed, on the complement of D, the mapf f W 0 ; W 00 defined in (5) is an isomorphism (otherwise, positive dimensional fibers of f À1 would appear in codimension 1). We will next compute their respective multiplicities.
Lemma 3.5. The pull-back to g S Â S S Â S of the divisor D 0 is in the linear system À O S ð1Þ n O S ð1Þ Á 6 ðÀ20Ẽ EÞ .
Proof. In order to compute the full class of D 0 as a determinant, we need first to extend the definition off f W 0 ; W 00 at a general point of E.
The rational map
defined by the global sections of F 6 is well-defined on an open subset U 2 of S ½2 whose complement has codimension f 2. At a point z A U 2 , we may consider the fiber F Ã 6; z as a hyperplane in V 10 =W which, when z is a general point ð½W 0 ; ½W 00 Þ, is just W 0 l W 00 .
On the other hand, there is a natural restriction map
where L 2 is the rank-2 vector bundle r Ã p
The fiber of L 2 at a pair ð½W 0 ; ½W 00 Þ away from E is the direct sum ð
At the point z, the mapf f W 0 ; W 00 : u 7 ! ðId W 0 lW 00 ; uÞ Ã s 1 defined in (5) is now a map HomðF Ã 6; z ; W Þ ! V 3 F 6; z which is linear and takes values in Ker R z away from E, and this still remains true along E (this is due to the fact that for ½W 0 ; ½W 00 A S, s 1 j V 3 ðW lW 0 lW 00 Þ belongs to W Ã n W 0Ã n W 00Ã Þ. Hence, we have extended the definition of the map (5) over U 2 as the fiber of a map
between two vector bundles of rank 18. One checks that R is surjective in codimension 1. It follows that the vanishing of detðf f Þ gives us a divisor in the linear system
Using (7) and the fact that, analogously, the determinant of L 2 pulls back to (2) The divisor D 0 has everywhere multiplicity 2.
Indeed, as P has rank 3 along D 0 , the reduced divisor D 0 red underlying D 0 appears with multiplicity at least 3 in the divisor defined by detðPÞ. Using the explicit description of D 0 given in the proof of Lemma 3.6(2) and the computation of the di¤erential dP : Ker P ! Coker P in the normal direction to D 0 , one checks that the multiplicity is exactly 3. By Lemmas 3.5 and 3.6, r Ã D 0 red belongs to the linear system À O S ð1Þ n O S ð1Þ Á 3 ðÀ10Ẽ EÞ . Hence we get, using (6) and (7):
which is the content of the proposition. r Proof of Lemma 3.6. (1) By definition of D 0 , a point z in U 1 X U 2 has the property that the point fðzÞ of Y s corresponds to a vector subspace W 6 H V 10 such that pj W 6 : W 6 ! V 10 =W is not of maximal rank. In other words, with the notation of Proposition 3.2, fðzÞ belongs to Y i s , for some i f 1. Furthermore, the rank of P at z is equal to the rank of pj W 6 . By Proposition 3.2, we have dim Y i s e 2 for i f 1, thus (1) s , the space pðW 6 Þ has dimension 5. Let pðW 6 Þ ? H ðV 10 =W Þ Ã be the 2-dimensional space of linear forms vanishing on pðW 6 Þ. As pðW 6 Þ has codimension 1 in W 0 l W 00 , we may assume that pðW 6 Þ X W 0 has codimension 1 in W 0 , and the rank at ½W 0 of the evaluation map ev : pðW 6 Þ ? n O S ! E 3 is 1. If the fiber f À1 ð½W 6 Þ has positive dimension, the set of ½W 0 as above contains a curve, and the saturation ðIm evÞ sat has rank 2 and nontrivial e¤ective determinant. But S is very general, hence its Picard group is cyclic, generated by det E 3 ¼ O S ð1Þ, so the curve above has to be in a linear system jO S ðlÞj, for some l > 0. We get a contradiction from the fact that the cokernel E 3 =ðIm evÞ sat is a rank-1 torsion-free sheaf with determinant equal to O S ð1 À lÞ, with l f 1; this would imply that E Ã 3 ð1 À lÞ has a nonzero section for some l f 1, which is absurd.
We now turn to the case of Y 2 s . A point ½W 6 in Y 2 s is such that W 2 :¼ W X W 6 has dimension 2 and W 4 :¼ pðW 6 Þ has dimension 4. We want to show that the set of ð½W 0 ; ½W 00 Þ A S ð2Þ with W 4 H W 0 l W 00 is finite.
We count parameters as in the proof of Proposition 3.2 (2), whose notation we keep. We want to compute the dimension of the set of ð½s; ½W ; ½W 1 ; ½W 2 ; ½W 4 ; ½W 0 3 ; ½W 0 ; ½W 00 Þ
, and, in addition to the conditions
of that proof, such that
This means that the forms s 1 and s 2 must satisfy
Observe that we may assume dimðW 0 X W 4 Þ ¼ dimðW 00 X W 4 Þ ¼ 1, as the case where one of these dimensions is f2 can be ruled out by the method used in the proof above. Then one checks that the 9 þ 9 þ 1 þ 1 ¼ 20 conditions (9) are transverse to the conditions (8).
Therefore, using the numbers from the proof of Proposition 3.2 (2), there are 70 þ 2 þ 9 þ 9 ¼ 90 parameters for the choice of W 1 , W 2 , W 4 , W 0 3 , W 0 , and W 00 , and 81 À 20 ¼ 61 parameters for the choice of ½s. It follows that the set of ð½s; ½W ; ½W 6 ; ½W 0 ; ½W 00 Þ such that F s is singular at ½W and the point ð½W 0 ; ½W 00 Þ of S ½2 is mapped to the point ½W 6 of Y 2 s has the same dimension 120 as the set of ð½s; ½W ; ½W 6 Þ. It follows that the corresponding projection is generically finite, which proves the claim.
(2) By the proof of (1), we now have another set-theoretic description of the divisor D 0 : on U 2 , it is the set of pairs ð½W 0 ; ½W 00 Þ A S ½2 such that there exists ½W 6 A Y 3 s with
This locus has another determinantal description as follows. A W 6 as above is determined by its 3-dimensional projection W 3 in W 0 l W 00 , and ½W 3 must be an element of S. Write W 3 as the graph of a map v : W 0 ! W 00 (the nontransverse cases cannot fill in a divisor, by arguments as above). Recall that S is defined by a 3-dimensional space of 2-forms s 1 A W Ã n V 2 ðV 10 =W Þ Ã and a 3-form s 2 A V 3 ðV 10 =W Þ Ã . Since s 1 vanishes on W n V 2 W 0 and W n V 2 W 00 , its restriction to W n ðW 0 l W 00 Þ belongs to W Ã n W 0Ã n W 00Ã , so that the vanishing of ðId; vÞ Ã s 1 provides 9 linear equations on v. The existence of a nonzero solution v is thus equivalent to the nonindependence of these linear equations. We have a morphism (only defined on U 2 À E, but globally defined on the double cover g S Â S S Â S) It follows from Theorem 2.1 and [Gu] that the Hodge numbers of Y s are the same as those of the Hilbert scheme of pairs of points on a K3 surface. We prove in this section the following more precise result. We want to use the degeneration described in the previous section, but we have to be careful, as the central fiber is very singular and only birationally equivalent to S ½2 . In particular, L is not ample on S ½2 . We will borrow part of the arguments of [Hu] .
The proof of Theorem 4.1 will follow from a computation of Hilbert polynomials and from the following variant of Huybrechts' theorem saying that birationally equivalent hyper-Kähler manifolds are deformation equivalent.
We start from the following more general situation: X is an irreducible hyper-Kähler manifold of dimension 2n, Y is a normal projective variety, and f : X d Y is a birational map. We will assume that Y is a projective degeneration of irreducible hyper-Kähler manifolds, which means that there is an ample line bundle H on Y and a flat projective family 
Then a general small deformation of ðX ; LÞ is isomorphic to a small (smooth) deformation of ðY ; HÞ. 
À1 is defined at y, and f
À1
is étale at y. It follows that f is defined at f À1 ðyÞ and y ¼ f À f À1 ðyÞ Á . As y B T and f is defined at f À1 ðyÞ, we conclude f À1 ðyÞ B D.
in particular, since h X is nondegenerate, we obtain as above that f D is étale.
We can now prove Proposition 4.2. Indeed, consider a deformation p : ðX; LÞ ! D of the pair ðX ; LÞ, such that for t A D very general, the group PicðX t Þ has rank 1.
We claim that for t A D general, the line bundle L t is ample on X t . (This is the only place where we will use the fact that ðY ; HÞ is a projective degeneration of an irreducible hyper-Kähler manifold.) Indeed, its Hilbert polynomial is equal to the Hilbert polynomial of L on X , hence of H on Y by our main assumption (10), or equivalently of H s on Y s for general s. Its terms of degree 2n and 2n À 2 are therefore equal to those of H s on Y s . First, the terms of degree 2n are positive multiples of q X ðLÞ n and q Y s ðH s Þ n respectively, where q X is the Beauville-Bogomolov quadratic form on H 2 ðX ; ZÞ ( [B] ) and similarly for q Y s . Next, the terms of degree 2n À 2 are multiples of q X ðLÞ nÀ1 and q Y s ðH s Þ nÀ1 , the signs of the coefficients being the same. This indeed follows from the Riemann-Roch formula and the fact (which we can apply to X and Y s ) that for any 2n-dimensional irreducible hyper-Kähler manifold Z, and any degree-2 class a on Z,
with m Z > 0. In conclusion, q X ðLÞ n and q Y s ðH s Þ n have the same sign (and are nonzero), and so do q X ðLÞ nÀ1 and q Y s ðH s Þ nÀ1 . Hence q X ðLÞ and q Y s ðH s Þ have the same sign. As q Y s ðH s Þ > 0, we get q X ðLÞ > 0. By [Hu] , this implies now that X t is projective.
By openness of ampleness, the claim is proved.
But then, we have
On the other hand, we have by Lemma 4.4
for k large enough, and the last term equals by assumption wðX ; L k Þ. Hence we get
and it follows by the semi-continuity and base change theorems that on a neighborhood D 0 of 0 in D, the sheaf p Ã ðL k Þ is locally free and has for fiber H 0 ðX t ; L k t Þ at t. But then, we get a flat projective family Y over D 0 by the formula
By the above base change result and Lemma 4.4, the fiber of this family over 0 is isomorphic to Y , endowed with the line bundle H, while the fiber over t 3 0 is X t endowed with the line bundle L t . r Theorem 4.1 will be obtained as a consequence of Proposition 4.2, applied to the birational map constructed in the previous section between
The first number in the sum is 3. It thus su‰ces to show the equalities c 1 ðLÞ 4 ¼ 1452 and c 2 ðT S ½2 Þc 1 ðLÞ 2 ¼ 660:
Á 10 ðÀ33Ẽ EÞ:
Á and e ¼ ½Ẽ E on g S Â S S Â S, we need to show À 10ðl 1 þ l 2 Þ À 33e Á 4 ¼ 2904;
The first equality follows from Proceeding as above, one can show H iþ1 ðG; S Ã 6 n V i F Ã Þ ¼ 0 for all i f 0. In the long exact sequence in cohomology associated with (18), we deduce that the edge map
is bijective. This proves this injectivity of g i , hence the lemma. r
Further comments and questions
The geometric invariant theory of the 3-vectors s A V 3 V Ã 10 does not seem to have been studied. We introduced in section 2 a natural hypersurface in the moduli space It parametrizes those Y s containing a line in the Plü cker embedding. Section 3 was devoted to another hypersurface in this moduli space, parametrizing singular F s .
There is a third natural hypersurface in this moduli space: it is the set of s for which F s contains a 10-dimensional Grassmannian Gð2; 7Þ H Gð3; V 10 Þ. Here we choose a V 8 H V 10 together with a nonzero x in V 8 , and we see Gð2; 7Þ as the set of W 3 H V 10 such that x A W 3 H V 8 . The fact that this Gð2; 7Þ is contained in F s is equivalent to the fact that the 2-form Int x s vanishes on V 8 . That the existence of such a subvariety of F s is a divisorial condition on s follows from the equality h 9; 11 ðF s Þ ¼ 1 and the semi-regularity of the embedding Gð2; 7Þ H F s , which tells us that deforming F s preserving Gð2; 7Þ is equivalent to deforming F s preserving the Hodge class ½Gð2; 7Þ (see [Bl] ).
A related question concerns the existence of a hypersurface in the moduli space where Y s is actually isomorphic to S ½2 for some K3 surface S. This should hold along a hypersurface where the Picard number of Y s jumps (or equivalently, by Corollary 2.7, where the dimension of the space of degree-20 Hodge classes on F s jumps).
There are two families of K3 surfaces which are natural candidates, namely those of genus 16 and those of genus 21. Indeed, the first ones admit a rigid rank-2 vector bundle with 10 independent sections, so that their second Hilbert schemes carry a rigid rank-4 vector bundle with 10 independent sections, which embeds them into Gð4; 10Þ F Gð6; 10Þ. Similarly, K3 surfaces of genus 21 admit a rigid rank-3 vector bundle with 10 independent sections, so that their second Hilbert schemes carry a rigid rank-6 vector bundle with 10 independent sections, which embeds them into Gð6; 10Þ. In both cases and surprisingly enough, the degree of the hyper-Kähler subvarieties of Gð6; 10Þ that one obtains is 1452,
